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013.07.0Abstract Active control of turbine blade tip clearance continues to be a concern in design and con-
trol of gas turbines. Ever increasing demands for improved efﬁciency and higher operating temper-
atures require more stringent tolerances on turbine tip clearance. In this paper, a turbine tip
clearance control apparatus and a model of turbine tip clearance are proposed; an implicit active
generalized predictive control (GPC), with auto-regressive (AR) error modiﬁcation and fuzzy
adjustment on control horizon, is presented, as well as a quantitative analysis method of robust per-
turbation radius of the system. The active clearance control (ACC) of aero-engine turbine tip clear-
ance is evaluated in a lapse-rate take-off transient, along with the comparative and quantitative
analysis of the stability and robustness of the active tip clearance control system. The results show
that the resultant active tip clearance control system with the improved GPC has favorable steady-
state and dynamic performance and beneﬁts of increased efﬁciency, reduced speciﬁc fuel consump-
tion, and additional service life.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
The classical modeling and design techniques for engine mod-
eling and control law have been used by the engine control
community to solve traditional control problems. Nontradi-88460221.
(K. Peng), fanding@nwpu.
F. Yang), fqa311f@163.com
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05tional control problems, such as multivariable controls, active
controls, and life-extending controls, have been studied in re-
cent years. These problems can be grouped in a category called
advanced controls (as opposed to the traditional set-point and
transient controls). The ﬁeld of advanced controls is largely in
the research stage.1
Turbine blade tip clearance continues to be a concern in de-
sign and control of gas turbines. A successfully implemented
active tip clearance control is expected to have beneﬁts of in-
creased efﬁciency, reduced speciﬁc fuel consumption, and addi-
tional service life.2–4
Active clearance control (ACC) of the high-pressure turbine
(HPT) is one of the techniques that designers use to increase per-
formance of their engines. In most of the new large commercial
engines, the size of the turbine case is controlled through coolingSAA & BUAA. Open access under CC BY-NC-ND license.
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Although open-loop clearance techniques are able to improve
performance,many of the engine’s actual characteristics respon-
sible for the minimum clearance are unknown. These character-
istics include rotor dynamics as well as changes in rotor
geometry due to wear or operating condition. Therefore,
open-loop techniques must be conservative in closing the gap
which results in suboptimal performance. In addition, the use
of compressor bleed air results in a system that is unable to rap-
idly control clearances under more dynamic conditions, such as
asymmetric clearance changes during aircraft maneuverings.
Clearances reduced within 5–10 mil (1 mil = 0.0254 mm) can
improve engine efﬁciency by several percent points.5–9 It has
been reported by Lattime3 and Wiseman 5 et al. that, for every
0.001 inch (1 inch = 2.54 cm) decrease in gap in the HPT, spe-
ciﬁc fuel consumption (SFC) increases 0.1%and engine gas tem-
perature (EGT) increases 1 C, and noise reduces along with the
reduction of aircraft emission, which beneﬁts environment and
economy a lot.10,11
Increased efﬁciencies can be achieved by using an active
actuation technique that can precisely control clearances at
rates sufﬁcient to handle the dynamic conditions encountered
during takeoff and landing as well as to provide for optimal
clearances during cruise.2. Model development and active generalized predictive control
The block diagram in Fig. 1 shows the control loop architec-
ture used for clearance control in this paper, which is com-
posed of an aircraft, an aero-engine, a turbine tip clearance
apparatus, and control parts. In this section, a nonlinear
dynamical model of turbine tip clearance and certain aircraft
and aero-engine will be presented, as well as a turbine tip clear-
ance apparatus and an implicit active generalized predictive
control (GPC) with auto-regressive (AR) error modiﬁcation
and fuzzy adjustment on control horizon. The active control
system for aero-engine turbine tip clearance will be evaluated
in a lapse-rate take-off transient.Fig. 1 Block diagram of the whole syst2.1. The aircraft model
In order to get the inlet condition (the altitudeH and the Mach
number Ma) of the engine during aircraft maneuverings, the
equations of motion for the aircraft are needed (see Fig. 1).
The aircraft model can be derived by using the Euler angle ap-
proach for an orientation model,12 but the disadvantage is that
the differential equations of motion become singular when the
pitch angle h passes through ±p/2. To avoid these singulari-
ties and ill-conditioned differential equations, quaternions
are used in the aircraft orientation presentation.
Lemma 1. Let vector a rotate around vector en by angle c and
get vector b, then
b ¼ uau1 ð1Þ
where u is a quaternion and u ¼ cos c
2
þ en sin c2 ; u1 ¼ cos c2
en sin c2. The proof of Lemma 1 is skipped here.13
With Lemma 1 and relations between the quaternion
q0 + q1i+ q2j+ q3k and the roll angle /, the pitch angle h,
the yaw angle w,14 we can have an aircraft system representa-
tion existing of 13 scalar ﬁrst-order differential equations:
_u ¼ rv qwþ 1
m
ðXþ FTÞ  2ðq1q3  q0q2Þg
_v ¼ pw ruþ 1
m
Yþ 2ðq2q3 þ q0q1Þg
_w ¼ qu pvþ 1
m
Zþ q20  q21  q22 þ q23
 
g
8>>><>>>>:
ð2Þ
_p ¼ ðc1rþ c1pÞqþ c3Lþ c4ðNþ hEqÞ
_q ¼ c1pr c6ðp2  r2Þ þ c7ðMþ FTzT  hErÞ
_r ¼ ðc8p c2rÞqþ c4Lþ c9ðNþ hEqÞ
8><>: ð3Þ
_q0
_q1
_q2
_q3
26664
37775 ¼ 12
0 p q r
p 0 r q
q r 0 p
r q p 0
26664
37775
q0
q1
q2
q3
26664
37775 ð4Þem for turbine tip clearance control.
(b) An exploded perspective view of components
 for actuating the clearance control apparatus 
(c) A transverse sectional view of the clearance control apparatus 
(a) A longitudinal axial sectional view of the 
clearance control apparatus
Fig. 2 A mechanical rotor blade tip clearance control apparatus.
Active generalized predictive control of turbine tip clearance for aero-engines 1149_xE
_yE
_zE
264
375 ¼ q
2
0 þ q21  q22  q23 2ðq1q2  q0q3Þ 2ðq1q3 þ q0q2Þ
2ðq1q2 þ q0q3Þ q20  q21 þ q22  q23 2ðq2q3  q0q1Þ
2ðq1q3  q0q2Þ 2ðq2q3 þ q0q1Þ q20  q21  q22 þ q23
264
375 uv
w
264
375
ð5Þ
q0
q1
q2
q3
26664
37775 ¼ 
cos/=2 cos h=2 cosw=2þ sin/=2 sin h=2 sinw=2
sin/=2 cos h=2 cosw=2 cos/=2 sin h=2 sinw=2
cos/=2 sin h=2 cosw=2þ sin/=2 cos h=2 sinw=2
cos/=2 cos h=2 sinw=2þ sin/=2 sin h=2 cosw=2
26664
37775
ð6Þ
where m is the mass of the aircraft, g the gravity constant, and
zT is an offset from the center of gravity along the z-axis that
the thrust FT lies in the xOz-plane of the body-ﬁxed reference
frame FB. Expressing the velocity vector V and the total angu-
lar velocity x of the aircraft with respect to the body-ﬁxed
frame FB gives V= ui+ vj+ wk and x= pi+ qj+ rk.
X; Y and Z are the components of the aerodynamics force
in the frame FB respectively, while L; M and N the compo-
nents of the aerodynamics moment respectively. The coefﬁ-
cients c1  c9 in Eq. (3) are relevant to the moment of inertia
of the aircraft in the body-ﬁxed frame. xE, yE and zE are the
coordinates of the aircraft in the earth frame. hE is the engine
angular momentum.
From zE and V, the altitude H and the Mach number Ma
can be derived.
2.2. The aero-engine model
The model of the aero-engine is described by a set of nonlinear
equations, which is a so-called component-based method. Sim-
ilar to the characteristic of the compressor with stators, the
turbine performance map is described by
LT ¼ T  fðnT;cor;Wcor; dÞ ð7Þ
gT ¼ gðnT;cor;Wcor; dÞ ð8Þ
where LT is the turbine power, T the inlet total temperature,
nT,cor the corrected speed, Wcor the corrected mass ﬂow, d the
turbine tip clearance, gT the turbine adiabatic efﬁciency; f and
g are the functional relationships between above variables.
2.3. The turbine tip clearance apparatus and its model
The efﬁciency of a gas turbine engine is dependent upon many
factors, one of which is the radial clearance between adjacent
rotating and non-rotating components, such as the rotor blade
tips and the casing shroud surrounding the outer tips of the rotor
blades (gap G in Fig. 2). If the clearance is too big, an unaccept-
able degree of gas leakage will occur with a resultant loss in efﬁ-
ciency. If the clearance is too small, there is a risk that under
certain conditions contact will occur between the components.
The potential for contact occurring is particularly acute
when the engine’s rotational speed is changing, either increas-
ing or decreasing, since temperature differentials across the en-
gine frequently result in the rotating and non-rotating
components radially expanding or contracting at different
rates. For instance, upon engine accelerations, thermal growth
of the rotor typically lags behind that of the casing. During
steady-state operations, the growth of the casing ordinarily
matches more closely to that of the rotor. Upon engine decel-
erations, the casing contracts more rapidly than the rotor.Control mechanisms, usually mechanically or thermally
actuated, have been proposed in previous literature to main-
tain blade tip clearance substantially constant. However, none
of them are believed to represent the optimum design for con-
trolling clearance. Consequently, a need still remains for an
improved mechanism for clearance control that will permit
maintenance of a minimum rotor blade tip-to-shroud clear-
ance throughout the operating range of an engine and thereby
improve engine performance and reduce fuel consumption.
A mechanical clearance control apparatus presented herein
provides a radial adjustment mechanism for a mechanical ro-
tor blade tip clearance control apparatus in Fig. 2, which sat-
isﬁes the aforementioned needs and achieves the foregoing
objectives.
The clearance control apparatus operable for controlling the
clearance employs a radial adjustment mechanism, while the
1150 K. Peng et al.clearance between the stationary casing 74 and the rotor (not
shown) of a gas engine is represented by the outer tips 76A of
the rotor blades 76 (shown in Fig. 2) which extend radially out-
wardly in an alternating fashion between the stator vanes 78
which, in turn, are stationarily attached to and extend radially
inwardly from the casing 74. The screw 142 is rotatablymounted
through the bosses 74 and 148 formed respectively in the inner
stationary casing 74 and the outer casing 150. The snap ring
152 on the screw 142 and an annular shoulder (disposed over
the snap ring 152) permit the screw 142 to rotate relative to
the boss 148, but prevent axial movement thereof. Rotation of
the screw 142 relative to the internally threaded bore 96 of the
shroud segment 92 therewith results in a radial movement of
the shroud segment 92 relative to the rotor without changing
the rotational orientation of the screw 142 and its connection
to the lever arm 112 connected by the unison ring 80 driven by
the hydraulic actuating cylinder.
The biasing means of the clearance control apparatus 72 is
preferably the wave spring 102 disposed in the channel 104.
The wave spring 102 is in the form of an elongated strip having
an undulating conﬁguration along the longitudinal cross sec-
tion through the strip. The spring 102 has a pair of the spaced
openings 104 deﬁned for mounting the spring on the shroud
extending through the spring openings 104 so as to prevent
movement of the spring 102 longitudinally within the channel
100 relative to the shroud segment 92.
The proposed model of the clearance control apparatus in
Fig. 2 incorporates three basic elements – a shroud, a turbine
rotor (or disk), and a turbine blade, as shown in Fig. 3. In or-
der to predict deﬂection of each element due to thermal and
mechanical stresses, the temperature, pressure, and force distri-
butions in each element must be modeled. The engine model
described in Section 2.2 is employed to provide speed, temper-
ature, and pressure transients for the shroud, rotor, and blade
submodels. Each submodel predicts deﬂections due to thermalFig. 3 Schematic of the cleaand mechanical stresses. As shown in Eq. (9), the relative
change in the time-varying geometry of each submodel is then
used to calculate the overall change in the clearance d in Eqs.
(7) and (8).
dðtÞ ¼ rshroudðtÞ  rrotorðtÞ  lbladeðtÞ
¼ ðra þ us1 þ us2Þ  ðr0 þ us1 þ us2Þ  ðLþ us1 þ us2Þ ð9Þ
where rshroud(t), rrotor(t) and lblade(t) are respectively, the
shroud inner radius, the rotor outer radius, and the blade
length as a function of time; ra, r0 and L are the initial geomet-
ric states of the shroud, the rotor, and the blade, respectively,
while the subscripted u’s denote deformations due to thermal
and mechanical stresses. Herein, the derivation of rshroud(t) will
be detailed and those of rrotor(t) and lblade(t) will be omitted
due to limited space.
The casing grows due to thermal and pressure differentials.
As shown in Fig. 3 ( In Fig. 3, T and h denote temperature and
convection heat transfer coefﬁcient respectively), the inner sur-
face of the shroud at radius ra is exposed to heated gas at a
temperature approximately equal to the turbine inlet tempera-
ture Tturbine. The outer surface of the shroud at radius rb is ex-
posed to compressor discharge air. Compressor bleed air is
used to purge the space between the shroud and the casing
and the pressure ppurge is approximately 80% of pcompressor.
The outer casing wall, re, is exposed to bypass airﬂow. The
shroud in the clearance control apparatus can be modeled as
a series of arcs rigidly attached to the outer casing, while the
casing is modeled as a hoop-like structure and the stress is
symmetrical. Because the shroud is attached to the case in
the form of a series of arcs, it is assumed that the abradable
material layer maintains its approximate thickness even when
thermally stressed, so the total deﬂection of the shroud and
the casing due to a thermal differential can be derived from
experimentally or numerically determined thermal expansionrance control apparatus.
Active generalized predictive control of turbine tip clearance for aero-engines 1151coefﬁcient a by using Timoshenko’s hollow cylinder equation
of thermal stress15 as shown in Eq. (10).
us1 ¼ ard Td þ r
2
e
r2e  r2d
 1
2 lnðre=rdÞ
 
ðTe  TdÞ
 
ð10Þ
where r is the radius of the casing wall; subscripts ‘‘e’’ and ‘‘d’’
represent outer and inner. The deﬂection due to a pressure dif-
ferential can be derived as follows.
In discussing stresses in a hollow cylinder, etc., it is advan-
tageous to use polar coordinates in which the radial coordinate
is often denoted by q, and the angular coordinate by u. If the
stress distribution is symmetrical with respect to the axis, the
stress components do not depend on u and are functions of
q only.15 The general stress function U is
U ¼ A ln qþ Bq2 lnqþ Cq2 þD ð11Þ
where A, B, C and D are constants of integration.
In the case of a symmetrical stress distribution,
rq ¼ 1q 
dU
dq
ru ¼ d
2U
dq2
squ ¼ suq ¼ 0
8>>><>>>:
ð12Þ
where rq, ru, squ and suq are the normal stress components in
the radial and circumferential directions and the shearing-
stress components, respectively.
The boundary conditions are:
rqjq¼rd ¼ pi
rqjq¼re ¼ po
(
ð13Þ
where pi is now the mean internal pressure inside the cavity
ppurge, and po is the bypass pressure pbypass.
Substituting Eq. (11) in Eq. (12) and using Eq. (13),
rq ¼ r
2
dr
2
eðpo  piÞ
r2e  r2d
 1
q2
þ pir
2
d  por2e
r2e  r2d
ru ¼  r
2
dr
2
eðpo  piÞ
r2e  r2d
 1
q2
þ pir
2
d  por2e
r2e  r2d
8>><>>: ð14Þ
In the polar coordinate, the strain in the radial direction is
eq ¼ ðrq  lruÞ=E ð15Þ
where l is the Poisson’s ratio and E is the modulus of elasticity
in tension and compression.
Substituting Eq. (14) in Eq. (15) and integrating eq from 0
to rd, the deﬂection due to a pressure differential is obtained:
us2 ¼ 1
E r2e  r2d
  ð1lÞ pir2dpor2e rdð1þlÞrdr2eðpopiÞ 	 ð16Þ2.4. The implicit GPC with AR error modiﬁcation and fuzzy
adjustment on control horizon
Dynamic matrix control (DMC) and generalized predictive
control (GPC) are two classes of predictive control systems
that have formed applications in many areas. One of the com-
mon features of the classical predictive control systems is the
direct utilization of plant input and output signals in the
closed-loop feedback control, hence avoiding observers in the
implementation. There are many modiﬁed algorithms of
GPC which can be classiﬁed as explicit and implicitalgorithms. In the explicit GPC, the model parameters of the
controlled system are identiﬁed ﬁrstly, and then Diophantine
equations are solved, which involves a large amount of calcu-
lation. However, in the implicit GPC, the parameters in the
optimal control law are identiﬁed by the inputs/outputs of
the controlled system, instead of identifying the model param-
eters of the controlled system, to avoid too much intermediate
computation during solving Diophantine equations online.
A novel implicit GPC will be presented next in this paper.
The parameters of the optimal control law are identiﬁed, based
on the farthest-step-ahead prediction and inputs/outputs of the
controlled system and the equivalence of GPC and DMC, the
prediction error is modiﬁed by the AR model of time series of
prediction error, and the control horizon is adjusted by means
of fuzzy control.
2.4.1. The representation of algorithm structure
Let the prediction model of the controlled system be described
by the following matrix polynomial controlled auto-regressive
integrated moving average (CARIMA) model16:
Aðz1ÞyðkÞ ¼ Bðz1ÞyðkÞ þ Cðz1ÞnðkÞ=D ð17Þ
where A(z1), B(z1), C(z1) are polynomials of the backward
shift operator z1 with the order na, nb, and nc, respectively;
y(k), u(k), and n(k) stand for the output, the control, and the
random noise sequence; D= 1  z1.
The performance index is:
J ¼
XN
j¼1
½yðkþ jÞ  wðkþ jÞ2 þ
XN
j¼1
kðjÞ½Duðkþ j 1Þ2
where N is the prediction horizon; k(j) is weighting coefﬁcient
of the control increment Du, and w(k) is the reference trajec-
tory of the output,
wðkþ jÞ ¼ ~ajyðkÞ þ ð1 ~ajÞyr
where ~a is the output softness parameter, 0 < ~a < 1, and yr is
the desired output.
The performance index can be rewritten in the vector form
as below:
J ¼ ðYWÞTðYWÞ þ KDUTDU ð18Þ
where Y= [y(k+ 1) y(k+ 2)    y(k+ N)]T is the system
output; W= [w(k+ 1) w(k+ 2)    w(k+ N)]T is the refer-
ence output; K= diag([k(k+ 1) k(k+ 2)    k(k+ N)]), and
DU= [Du(k) Du(k+ 1)    Du(k+ N  1)]T.
Two Diophantine equations are introduced to drive the
j-step ahead prediction of the output:
Tðz1Þ ¼ Ejðz1ÞAðz1ÞDþ zjFjðz1Þ ð19Þ
Bðz1ÞEjðz1Þ ¼ Gjðz1ÞTðz1Þ þ zjHjðz1Þ ð20Þ
where T(z1) = 1  t1z1, 0 6 t1 < 1 is a ﬁlter to weaken the
colored noise, Ej(z
1) = ej0 + ej1z
1 + . . . + ej,j1 z
j + 1,
Fj(z
1) = fj0 + fj1z
1 + . . . + fjnz
n, Gj(z
1) = g0 + g1z
1 +
. . . + gj1z
j + 1, deg Gj(z
1) = j  1, and degHj(z1) =
nb  1.
According to Eqs. (17), (19), and (20), the output y(k) can
be given by
yðkþ jÞ ¼ Gjðz1ÞDuðkþ j 1Þ þ fðkþ jÞ þ gðkþ jÞ ð21Þ
1152 K. Peng et al.where
fðkþ jÞ ¼ Hjðz1ÞDufðk 1Þ þ Fjðz1ÞyfðkÞ;
ufðkÞ ¼ uðkÞT1ðz1Þ;
yfðkÞ ¼ yðkÞT1ðz1Þ;
gðkþ jÞ ¼ Ejðz1ÞCjðz1ÞT1ðz1Þnðkþ jÞ:
Eq. (21) can be rewritten in the vector form as:
Y ¼ GDUþHDufðk 1Þ þ FyfðkÞ þ g ¼ GDUþ fþ g ð22Þ
where
f ¼ ½fðkþ 1Þ fðkþ 2Þ    fðkþNÞT;
g ¼ ½gðkþ 1Þ gðkþ 2Þ    gðkþNÞT;
H ¼ ½H1ðz1Þ H2ðz1Þ    HNðz1ÞT;
F ¼ ½F1ðz1Þ F2ðz1Þ    FNðz1ÞT;
G ¼
g0 0    0
g1 g0    0
..
. ..
. ..
.
gN1 gN2    g0
266664
377775:
So, the j-step ahead prediction of the output y(k) is:
y^ðkþ jÞ ¼ Gjðz1ÞDuðkþ j 1Þ þ fjðkþ jÞ ð23Þ
The vector form of Eq. (23) isbY ¼ GDUþ f ð24Þ
The optimal control law can be derived by minimizing J
with respect to DU. Replacing Y in J with bY and letting
dJ
dDU
¼ 0
then the optimal control law is consequently
DU ¼ ½GTGþ K1GTðW fÞ ð25Þ
(1) Identiﬁcation of parameters G and f in the optimal con-
trol law
From Eqs. (19) and (20),
Gjðz1Þ ¼ ½Bðz1ÞEjðz1Þ  zjHjðz1ÞT1ðz1Þ
¼ Bðz
1Þ
Aðz1ÞD ½1 z
jFjðz1ÞT1ðz1Þ  zjHjðz1ÞT1ðz1Þ
then Gj(z
1) is the ﬁrst j terms of the step response of the con-
trolled system
Gjðz1Þ ¼ g0 þ g1z1 þ . . .þ gj1zjþ1
So the matrix G in GPC is equal to the system matrix in
prediction equations of DMC, and the expression of the opti-
mal control law Eq. (25) is also consistent with that of DMC,
while the optimal control solution is unique to the same linear
system under the same objective function. All these mean that f
in Eq. (25) is the open-loop prediction of the system output
based on the last input/output without the action of the con-
trol increment Du(k) at time k compared with the DMC
method.
(i) The identiﬁcation of the matrix GFrom the Nth equation of the prediction Eq. (22)
yðkÞ ¼ gN1DuðkNÞ þ gN2DuðkN 1Þ þ   
þ g0Duðk 1Þ þ fðkÞ þ gðkÞ ð26Þ
All the elements g0, g1, . . ., gN1 in the matrix G appear in
Eq. (26), so the identiﬁcation carried on Eq. (26) can obtain
the matrix G. Let X(k) = [Du(k  N) Du(k  N+ 1)
   u(k  1) 1]T, h(k) = [gN1 gN2 . . . g0 f(k)]T, and then
h(k) can be updated by using the recursive least squares meth-
od with a forgetting factor.
h^ðkÞ ¼ h^ðk 1Þ þ KðkÞðyðkÞ  XTðkÞh^ðk 1ÞÞ
KðkÞ ¼ Pðk 1ÞXðkÞðkþ XTðkÞPðk 1ÞXðkÞÞ1
PðkÞ ¼ ðI KðkÞXTðkÞÞPðk 1Þk1
where k is the forgetting factor, 0 < k< 1; K(k) is the gain
matrix of innovation, and P(k) is the weighting matrix.
(ii) The identiﬁcation of the vector f
Due to the equivalence of GPC and DMC,
f ¼
fðkþ 1Þ
fðkþ 2Þ
..
.
fðkþNÞ
266664
377775 ¼
g0
g1
..
.
gN1
266664
377775DuðkÞ þ
1
1
..
.
1
266664
377775eðkÞ;
eðkÞ ¼ yðkÞ  y^ðkÞ:
In order to weaken the effect of measurement colored noise
on output estimation and accurately estimate vector f, an AR
error correction method is introduced.
f ¼
fðkþ 1Þ
fðkþ 2Þ
..
.
fðkþNÞ
266664
377775 ¼
g0
g1
..
.
gN1
266664
377775DuðkÞ þ
eðkþ 1Þ
eðkþ 2Þ
..
.
eðkþNÞ
266664
377775
where
eðkþ jÞ ¼PN1i¼0 ai½yðk iÞ  y^ðk i jÞ; ai ¼ 1 b1 bN bi, b is
the attenuation coefﬁcient.
(2) Fuzzy adjustment on the control horizon
GTG+ K is a lower triangular Teoplitz matrix and the ma-
trix inverse (GTG+ K)1 can be calculated by the rapid algo-
rithm. If the control horizon is M, and Du(k+ j) = 0, j>M,
the dimension of GTG+ K is reduced from N to M. when
M= 1, the matrix inverse becomes the reciprocal of the scalar.
In general,M= 1–3, and in order to give attention to both the
speed and stability of the system, M can be changed from 3 to
1 smoothly by using fuzzy control. If the diagonal element of
GTG+ K is near to zero, the element k(i) of K would be in-
creased by the Armijo rule.
2.4.2. The global convergence and robust perturbation radius of
the novel implicit GPC
(1) The global convergence
The global convergence of the implicit GPC with AR error
modiﬁcation and fuzzy adjustment of control horizon can be
proofed similar to Theorem 11.3.1 in Ref.17 and it is needless
to reiterate here.
(2) The frequency domain analysis of robustness
Considering the additive perturbed model
Fig. 4 Schematic for the frequency domain analysis of robust-
ness of the novel implicit GPC.
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< jrðz1Þj; 8jzj < 1g
where G0(z
1) = B(z1)/(A(z1)D) is the open-loop transfer
function of the nominal system, and the deﬁnitions of A(z1)
and B(z1) are the same as in Eq. (17).
From Eq. (25), we have
DuðkÞ ¼ ½1 0    0ðGTGþ KÞ1GTðW fÞ
edTðW fÞ
ð27Þ
W ¼ ½a a2    aNTyðkÞ þ ½1 a 1 a2    1 aNTyr
eLyðkÞ þNyr
ð28Þ
f ¼ HT1z1DuðkÞ þ FT1yðkÞ ð29Þ
Substituting Eqs. (28) and (29) into Eq. (27) and
rearranging,
ð1þ dTHT1z1ÞDuðkÞ ¼ dTNyr  dTðFT1  LÞyðkÞ ð30Þ
Making the following substitutions: X= (1 +
dTHT1z1), Y= dTN, Z= dT(FT1  L), Eq. (30) can be
rewritten as
XuðkÞ ¼ Yyr  ZyðkÞ ð31Þ
and the close-loop control structure of the system with additive
perturbation is shown in Fig. 4.
Let C= Z/X and D= Y/Z, and then the closed-loop
transfer function of the additive perturbed system is given by
the expression
Gpc ¼ CðG0 þ DAÞD=½1þ CðG0 þ DAÞ
¼ Gncð1þ DA=GncÞD=ð1þ DAGnc=G0Þ ð32Þ
where Gnc = CG0/(1 + CG0) is the open-loop transfer func-
tion of the nominal system.
In order to stabilize the closed-loop perturbed system, the
denominator D* = 1 + CG0 + CDA in Eq. (32) is required
to satisfy the Nyquist criterion. According to the principle of
the small-gain theorem, we have
kDAk < kG0=Gnck
¼ jXAðz1ÞDþ ZBðz1Þj=jZAðz1ÞDj; 8jzj 6 1 ð33ÞTheorem 1. The controller can stabilize the perturbed system set
AðG0ðz1Þ; rðz1ÞÞ, if the controller C ¼ Z=X sta bilizes the
nominal system G0ðz1Þ ¼ Bðz1Þ=½Aðz1ÞD, that is, the Shur-
stability of the characteristic polynomial
gðz1Þ ¼ XAðz1ÞDþ ZBðz1Þ of the nominal system, and the
following holds
kDAk < kG0=Gnck
¼ jXAðz1ÞDþ ZBðz1Þj=jZAðz1ÞDj; 8jzj ¼ 1 ð34Þ
Proof. Denote V1 = {z:ŒzŒ< 1} and V2 = {z:ŒzŒ> 1}. The
zeros of D* contain all poles of the perturbed system. When
the nominal system g* = 1 + CG0 and the perturbation part
CDA is stable, g
* and CDA are analytic in the area V2 and on
its boundary C= {z:ŒzŒ= 1} [ {z:zﬁ1}, so
1 + CG0(0) > CDA(0) = 0,zﬁ1Œ1 + CG0Œ> ŒCDAŒ,"ŒzŒ= 1 according to condition
(34). From the Rouche´’s theorem,18 D* and g* have the same
number of zeros in V2 and on C, so all the zeros of D
* are in
V1, that is, the closed-loop perturbed system and the closed-
loop nominal system have consistent stability.
(3) The robust perturbation radius
Let D* = d0 + d1z
1 + . . . + dn1z
n+1,
g* = g0 + g1z
1 + . . . + gn1z
n+1, and
di 2 [gi  kiR,gi + kiR],i= 0,1, . . ., n  1, where ki > 0 is the
weighting coefﬁcient of the perturbation radius R.
From Theorem 1 and the Rouche´’s theorem, if Œg*Œ
> ŒD*  g*Œ holds on C= {z:ŒzŒ= 1},D* and g* have the
same number of zeros in V1, that is, D
* is Shur-stable if g* is
Shur-stable.
Noting that on C ¼ fz : jzj ¼ 1g; jD  gj ¼ Pn1i¼0 ðdi  giÞ


zij 6Pn1i¼0 jdi  gij 6 RPn1i¼0 ki.
Thus D* is Shur-stable if R < minjzj¼1jgj=
Pn1
i¼0 ki, so we
take minjzj¼1jgj=
Pn1
i¼0 ki as an estimation bR of the supremum
of the robust perturbation radius R. The detail of calculation
is presented as below.
On C= {z:ŒzŒ= 1},
jgj2¼ gðejhÞgðejhÞ
¼
Xn1
i¼0
g2i 2
Xn2
i¼0
gigiþ1 . . . 2
Xn1k
i¼0
gigiþk . . . 2
Xn1nþ1
i¼0
gigiþn1
" #
p
where p= [1 cosh    cos(kh)    cos[(n  1)h]]T, 0 6 h< 2p.
For cos(nh) belongs to Chebyshev polynomials of the ﬁrst
kind, so
cosðnhÞ ¼
Xbn=2c
k¼0
C2kn ðcos2 h 1Þ
k
cosn2k h
p ¼ T½1 cos h    cosn1 hT
and when n= 3, the coordinate transform matrix T is
T ¼
1 0 0
0 1 0
1 0 2
264
375
Thus,
jgj2 ¼
Xn1
i¼0
g2i 2
Xn2
i¼0
gigiþ1    2
Xn1k
i¼0
gigiþk    2
Xn1nþ1
i¼0
gigiþn1
" #
T½1 cos h    cosn1 hTePðcos hÞ
bR ¼ min
jzj¼1
jgj
Xn1
i¼0
ki
,
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
min
06h<2p
Pðcos hÞ
q Xn1
i¼0
ki
,
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In this section, a lapse-rate take-off transient (see Fig. 5) is
considered, and the system characteristics and structural
parameters of the turbine tip clearance vary largely during
the transient. Fig. 6 shows individual deﬂections and overall
clearance with reference to the engine speed transient without
clearance adjustment. As expected, the rotor initially responds
more quickly due to the centrifugal forces induced by the en-
gine speed transient and the shroud catches up and grows more
rapidly due to thermal stresses than either the rotor or the
blades, and the pinch point described in Refs.19,20 can be seen
at about 10 s. Turbine clearance (expected to be 30 mil herein),
altogether with the fuel ﬂow and the robust perturbation ra-
dius, is showed in Fig. 7, respectively, in which Curve 1 is cor-
responding to the case without clearance adjustment, Curve 2
is under the PID controller with PID parameters optimized by
the genetic algorithm, Curve 3 is under the modiﬁed LQG con-
troller for fast active turbine tip clearance control systems pre-
sented in Refs.19,20 by NASA Glenn Research Center, and
Curve 4 is under the implicit GPC with AR error modiﬁcation
and fuzzy adjustment on control horizon. From Fig. 7(a), theFig. 5 Flight trajectory of the lapse-rate take-off transient in the
ﬂight envelope.
Fig. 6 Deﬂections and clearance for the lapse-rate take-off
transient.actual clearances under the improved GPC and the modiﬁed
LQG controller (with slight oscillation) can approach the ex-
pected clearance of 30 mil more easily than that under the
PID controller (with a certain degree of oscillation); however,
the stability and controllability of clearance under the im-
proved GPC is better than those under the PID controller
and the modiﬁed LQG controller. After the calculations, it
shows the fuel ﬂow is reduced by 2% under the PID controller,
4.95% under the modiﬁed LQG controller, and 5% under the
improved GPC relative to those without clearance active con-
trol during the lapse-rate take-off transient, as shown in
Fig. 7(b). The robust perturbation radius under the improved
GPC is about 0.8% larger than that under the modiﬁed LQG
controller, 2.1% larger than that under the PID controller, and
3% larger than that without clearance active control, as shownFig. 7 History chart of some parameters under no control and
different controllers.
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the improved GPC is better than those under the PID control-
ler and the modiﬁed LQG controller.
4. Conclusions
(1) In this paper, the active clearance control of turbine tip
clearance in a lapse-rate take-off transient is considered
and the results show that the stability and controllability
of clearance under the improved GPC is better than
those under the PID controller and the modiﬁed LQG
controller presented in some related literature, and fur-
thermore, the fuel ﬂow is smaller and the robust pertur-
bation radius is larger under the improved GPC.
(2) A turbine tip clearance apparatus and an improved GPC
can form an active tip clearance system along with other
control parts such as actuators, etc. After the compara-
tive analysis, it shows the resultant active tip clearance
control system has good static and dynamic perfor-
mance and beneﬁts of increased efﬁciency, reduced spe-
ciﬁc fuel consumption, and additional service life, and it
can be used to virtually prototype the controller/actua-
tor mechanism. Future work should involve more
detailed research into the active controller and the tip
clearance control mechanisms least documented. The
current model, controller and the apparatus should also
be reﬁned and quantiﬁed in order to assess its usefulness
for the design of a tip clearance control system used in
real engine.
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